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Optimised interpolation of costly simulations: 
Bayesian optimisation 

and Gaussian process emulators



How should we compare

• Often require > millions of simulations of mock data — often unfeasible

• Generic solution is Gaussian process emulation (Bayesian interpolation) 

• Emulator made accurate by Bayesian optimisation (optimal training set)

Data Theory?vs



Some examples of “costly simulations” 
across the sciences

• Cosmology — to infer from galaxy/quasar surveys — need to simulate (non-
linear) cosmological evolution of billions of dark matter/gas particles 

• Engineering — to optimise aircraft design — need to evaluate complex, non-
linear models, e.g., of air flow over aircraft wing (surrogate modelling) 

• Climatology — to predict when we’re all doomed — need to evaluate 
complex, non-linear models of atmosphere/oceans

• Biology — to optimise wastewater treatment — need to simulate microbial 
community with 1018 (!) particles



Simple interpolation



Simple interpolation can be a bit too simple

• Have to choose functional form for interpolation — risk of “overfitting”

• Inefficient use of “training set” — often restricted to regular simulation grid 

• No reliable theoretical error estimate (have to empirically estimate)



A Gaussian process

• Stochastic process = (infinite) “collection” of random variables

• Gaussian process = any finite sub-set is multivariate Gaussian distribution 

• Model simulation outputs as Gaussian process

f(x) ⇠ N (0,K(x,x0; ✓))
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Simulation output

Simulation parameters
Kernel hyperparameters



Gaussian process model is very general

• Spans wide range of function space

• Full use of training set — model correlations between all simulation outputs 

• Probabilistic model inherently gives uncertainty



Some examples of covariance kernels
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Squared exponential
Stationary 

Isotropic 
Smooth

�2
x.x0

<latexit sha1_base64="tdjNiimpmSdIcJHUf+WShMKA1/M=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGYqqRCgrGChbFItEVqQuW4TmvVdiLbQVRRZhZ+hYUBhFj5Ajb+BqeNBLQcydLxOffq3nuCmFGlHefLKi0sLi2vlFcra+sbm1v29k5bRYnEpIUjFsmbACnCqCAtTTUjN7EkiAeMdILRRe537ohUNBLXehwTn6OBoCHFSBupZ+97ig44uq1DjyM9DML0PoO1n89R1rOrTs2ZAM4TtyBVUKDZsz+9foQTToTGDCnVdZ1Y+ymSmmJGsoqXKBIjPEID0jVUIE6Un05OyeChUfowjKR5QsOJ+rsjRVypMQ9MZb6imvVy8T+vm+jwzE+piBNNBJ4OChMGdQTzXGCfSoI1GxuCsKRmV4iHSCKsTXoVE4I7e/I8addrruFXJ9XGeRFHGeyBA3AMXHAKGuASNEELYPAAnsALeLUerWfrzXqflpasomcX/IH18Q2Dk5oj</latexit><latexit sha1_base64="tdjNiimpmSdIcJHUf+WShMKA1/M=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGYqqRCgrGChbFItEVqQuW4TmvVdiLbQVRRZhZ+hYUBhFj5Ajb+BqeNBLQcydLxOffq3nuCmFGlHefLKi0sLi2vlFcra+sbm1v29k5bRYnEpIUjFsmbACnCqCAtTTUjN7EkiAeMdILRRe537ohUNBLXehwTn6OBoCHFSBupZ+97ig44uq1DjyM9DML0PoO1n89R1rOrTs2ZAM4TtyBVUKDZsz+9foQTToTGDCnVdZ1Y+ymSmmJGsoqXKBIjPEID0jVUIE6Un05OyeChUfowjKR5QsOJ+rsjRVypMQ9MZb6imvVy8T+vm+jwzE+piBNNBJ4OChMGdQTzXGCfSoI1GxuCsKRmV4iHSCKsTXoVE4I7e/I8addrruFXJ9XGeRFHGeyBA3AMXHAKGuASNEELYPAAnsALeLUerWfrzXqflpasomcX/IH18Q2Dk5oj</latexit><latexit sha1_base64="tdjNiimpmSdIcJHUf+WShMKA1/M=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGYqqRCgrGChbFItEVqQuW4TmvVdiLbQVRRZhZ+hYUBhFj5Ajb+BqeNBLQcydLxOffq3nuCmFGlHefLKi0sLi2vlFcra+sbm1v29k5bRYnEpIUjFsmbACnCqCAtTTUjN7EkiAeMdILRRe537ohUNBLXehwTn6OBoCHFSBupZ+97ig44uq1DjyM9DML0PoO1n89R1rOrTs2ZAM4TtyBVUKDZsz+9foQTToTGDCnVdZ1Y+ymSmmJGsoqXKBIjPEID0jVUIE6Un05OyeChUfowjKR5QsOJ+rsjRVypMQ9MZb6imvVy8T+vm+jwzE+piBNNBJ4OChMGdQTzXGCfSoI1GxuCsKRmV4iHSCKsTXoVE4I7e/I8addrruFXJ9XGeRFHGeyBA3AMXHAKGuASNEELYPAAnsALeLUerWfrzXqflpasomcX/IH18Q2Dk5oj</latexit><latexit sha1_base64="tdjNiimpmSdIcJHUf+WShMKA1/M=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGYqqRCgrGChbFItEVqQuW4TmvVdiLbQVRRZhZ+hYUBhFj5Ajb+BqeNBLQcydLxOffq3nuCmFGlHefLKi0sLi2vlFcra+sbm1v29k5bRYnEpIUjFsmbACnCqCAtTTUjN7EkiAeMdILRRe537ohUNBLXehwTn6OBoCHFSBupZ+97ig44uq1DjyM9DML0PoO1n89R1rOrTs2ZAM4TtyBVUKDZsz+9foQTToTGDCnVdZ1Y+ymSmmJGsoqXKBIjPEID0jVUIE6Un05OyeChUfowjKR5QsOJ+rsjRVypMQ9MZb6imvVy8T+vm+jwzE+piBNNBJ4OChMGdQTzXGCfSoI1GxuCsKRmV4iHSCKsTXoVE4I7e/I8addrruFXJ9XGeRFHGeyBA3AMXHAKGuASNEELYPAAnsALeLUerWfrzXqflpasomcX/IH18Q2Dk5oj</latexit> Linear Non-stationary 
Non-isotropic

�2e�
2 sin2

✓
⇡|x�x

0|
p

◆

l2
<latexit sha1_base64="a/LvZO/aYz0oIamlOQkgtNTGHbM="></latexit><latexit sha1_base64="a/LvZO/aYz0oIamlOQkgtNTGHbM="></latexit><latexit sha1_base64="a/LvZO/aYz0oIamlOQkgtNTGHbM="></latexit><latexit sha1_base64="a/LvZO/aYz0oIamlOQkgtNTGHbM="></latexit>

Periodic



Hyperparameter θ optimisation
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Maximise log (Gaussian) marginal likelihood of training set w.r.t. θ:

• L-BFGS-B “gradient descent” method popular

• Should marginalise over θ (MCMC)



Interpolation as posterior predictive distribution

p(f(x⇤)|f(x),x,x⇤) ⇠ N (K⇤K
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K⇤ = K(x⇤,x; ✓)
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K⇤⇤ = K(x⇤,x⇤; ✓)
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Posterior distribution of new simulation output f(x*) conditional on training set f(x)

• Posterior analytically determined

• Variance (uncertainty) independent of simulation output



Probabilistic interpolation



Cross-validation



The training set is key

Latin hypercube

Sobol sequence



Can we actively construct the training set?

Bayesian optimisation



We need a balance between

Exploration

Exploitation

vs

where Gaussian process variance 
is large

where objective function 
is large



• Run new training simulation at maximum of acquisition function

• α effectively determines how many sigma confident we are 

• α can be optimised for “minimum regret” (quasi-convergence)

GP-UCB acquisition function =

Exploration (σ)

Exploitation (μ)

+α



+

α

=



Some more sophisticated acquisition functions
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Some more sophisticated acquisition functions
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FIG. C.3. bolfi at work after 20 acquisitions for the Supernovae cosmology problem. Top panels. Isocontours of the Gaussian
process model for the discrepancy �(⌦m,w). The mean (left) and variance (right) are shown in arbitrary units. The red dots
mark the location of the training parameters (⌦m, w). Bottom panels. Isocontours of the aquisition surfaces built from the
Gaussian process, using two di↵erent acquisition rules: the expected improvement (which is maximised, left), and the expected
integrated variance (which is minimised, right). Units are arbitrary. The location of the next acquisition (i.e. the optimiser) is
marked by the cross, and the contours of the exact posterior are plotted as dashed gray lines for reference. The initial training
set is composed of 20 samples, and the expected integrated variance has been used for the 20 acquisitions shown.

where c is the speed of light in vacuum and H0 ⌘
100h km s�1 Mpc�1.

3. Forward-modelling

The data model described in the previous section can
be simulated forward by the taking the following opera-

tions successively:

(⌦m, w) x P (⌦m, w|!,S), (C4)

(↵,�,MB, �M) x P (↵,�,MB, �M |M), (C5)

DL(zO) x P (DL(zO)|⌦m, w), (C6)

d x P (d|DL(zO),↵,�,MB, �M,mO). (C7)

The last two steps are deterministic: in equation (C6),
the luminosity distance at the observed redshifts is com-
puted via equation (C3), and in equation (C7), the pre-

dicted data d(⌦m,w) ⌘
⇣
mk

B,(⌦m,w)

⌘
come from equations
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Serial Bayesian optimisation
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FIG. 5. Illustration of four consecutive steps of Bayesian optimisation to learn the test function of figure 4. For each step,
the top panel shows the training data points (red dots) and the regression (blue line and shaded region). The bottom panel
shows the acquisition function (the expected improvement, solid green line) with its maximiser (dashed green line). The next
acquisition point, i.e. where to run a simulation to be added to the training set, is shown in orange; it di↵ers from the maximiser
of the acquisition function by a small random number. The acquisition function used is the expected improvement, aiming at
finding the minimum of f . Hyperparameters of the regression kernel are optimised after each acquisition. As can observed,
Bayesian optimisation implements a trade-o↵ between exploration (evaluation of the target function where the variance is large,
for example after 12 points) and exploitation (evaluation of the target function close to the predicted minimum, for example
after 11, 13, and 14 points).

(parameters for which the outcome is most uncertain)
and exploitation (parameters which are expected to have
a good outcome for the targeted application). In many
contexts, Bayesian optimisation has been shown to ob-
tain better results with fewer simulations than grid search
or random search, due to its ability to reason about the
interest of simulations before they are run (see Brochu,
Cora & de Freitas, 2010, for a review). Figure 5 illus-
trates Bayesian optimisation in combination with Gaus-
sian process regression, applied to finding the minimum
of the test function of figure 4.

In the following, we give a brief overview of the el-
ements of Bayesian optimisation used in this paper.
In order to add a new point to the training data set
(⇥, f) ⌘ {(✓(i), f (i) = f(✓(i))}, Bayesian optimisation
uses an acquisition function A(✓) that estimates how use-
ful the evaluation of the simulator at ✓ will be in order
to learn the target function. The acquisition function
is constructed from the posterior predictive distribution
of f given the training set (⇥, f), i.e. from the mean
prediction µ(✓) and the uncertainty �(✓) of the regres-
sion analysis (equations (29) and (30)). The optimum of

Leclercq (2018)



Batch Bayesian optimisation

• Many simulations too costly to run in serial

• Must choose batch of simulations simultaneously from acquisition function 

• Can update uncertainty as Gaussian process variance independent of output
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FIG. C.3. bolfi at work after 20 acquisitions for the Supernovae cosmology problem. Top panels. Isocontours of the Gaussian
process model for the discrepancy �(⌦m,w). The mean (left) and variance (right) are shown in arbitrary units. The red dots
mark the location of the training parameters (⌦m, w). Bottom panels. Isocontours of the aquisition surfaces built from the
Gaussian process, using two di↵erent acquisition rules: the expected improvement (which is maximised, left), and the expected
integrated variance (which is minimised, right). Units are arbitrary. The location of the next acquisition (i.e. the optimiser) is
marked by the cross, and the contours of the exact posterior are plotted as dashed gray lines for reference. The initial training
set is composed of 20 samples, and the expected integrated variance has been used for the 20 acquisitions shown.

where c is the speed of light in vacuum and H0 ⌘
100h km s�1 Mpc�1.

3. Forward-modelling

The data model described in the previous section can
be simulated forward by the taking the following opera-

tions successively:

(⌦m, w) x P (⌦m, w|!,S), (C4)

(↵,�,MB, �M) x P (↵,�,MB, �M |M), (C5)

DL(zO) x P (DL(zO)|⌦m, w), (C6)

d x P (d|DL(zO),↵,�,MB, �M,mO). (C7)

The last two steps are deterministic: in equation (C6),
the luminosity distance at the observed redshifts is com-
puted via equation (C3), and in equation (C7), the pre-

dicted data d(⌦m,w) ⌘
⇣
mk

B,(⌦m,w)

⌘
come from equations



Bayesian optimisation is quicker
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FIG. 6. Prior and posterior for the joint inference of the mean and variance of Gaussian signals. The prior and exact posterior
(from the analytic solution) are Gaussian-inverse-Gamma distributed and shown in blue and orange, respectively. In the left
panel, the approximate rejection-sampling posterior, based on 5, 000 samples accepted out of ⇠ 350, 000 simulations, is shown in
green. It loosely encloses the exact posterior. In the right panel, the approximate bolfi posterior, based on 2, 500 simulations
only, is shown in red. It is a much finer approximation of the exact posterior. For all distributions, the 1�, 2� and 3� contours
are shown.

FIG. 7. Prior and posterior distributions for the joint inference of the matter density of the Universe, ⌦m, and the dark energy
equation of state, w, from the JLA supernovae data set. The prior and exact posterior distribution (obtained from a long
MCMC run requiring ⇠ 6 ⇥ 106 data model evaluations) are shown in blue and orange, respectively. In the left panel, the
approximate rejection-sampling posterior, based on 5, 000 samples accepted out of ⇠ 450, 000 simulations, is shown in green.
In the right panel, the approximate bolfi posterior, based on 6, 000 simulations only, is shown in red. For all distributions, the
1�, 2� and 3� contours are shown.

�, MB, �M). We assume a Gaussian prior,
✓
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w

◆
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✓
0.3
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◆
,

✓
0.42 �0.24

�0.24 0.752

◆�
, (46)

which is roughly aligned with the direction of the well-
known ⌦m � w degeneracy. We generated 106 samples
(out of ⇠ 6 ⇥ 106 data model evaluations) of the pos-
terior for the exact six-dimensional Bayesian problem
via MCMC (performed using the emcee code, Foreman-
Mackey et al ., 2013), ensuring su�cient convergence to
characterise the 3� contours of the distribution.1 The

1 The final Gelman-Rubin statistic (Gelman & Rubin, 1992) was
R� 1  5⇥ 10�4 for each of the six parameters.

prior and the exact posterior are shown in blue and or-
ange, respectively, in figure 7.
For likelihood-free inference, the simulator takes as in-

put ⌦m and w and simulates N realisations of the magni-
tudes mB of the 740 supernovae at their redshifts. Con-
sistently with the Gaussian likelihood used in the MCMC
analysis, we assume a Gaussian synthetic likelihood with
a fixed covariance matrix C. The observed data dO and
the covariance matrix C are shown in figure C.1.
The approximate posterior obtained from likelihood-

free rejection sampling is shown in green in figure 7. It
was obtained from 5, 000 accepted samples using a (con-
servative) threshold of " = 650 on �(⌦m,w), chosen so
that the acceptance ratio was not below 0.01. The entire
run required ⇠ 450, 000 simulations in total. The ap-
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Bayesian optimisation is more accurate
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FIG. 6. Prior and posterior for the joint inference of the mean and variance of Gaussian signals. The prior and exact posterior
(from the analytic solution) are Gaussian-inverse-Gamma distributed and shown in blue and orange, respectively. In the left
panel, the approximate rejection-sampling posterior, based on 5, 000 samples accepted out of ⇠ 350, 000 simulations, is shown in
green. It loosely encloses the exact posterior. In the right panel, the approximate bolfi posterior, based on 2, 500 simulations
only, is shown in red. It is a much finer approximation of the exact posterior. For all distributions, the 1�, 2� and 3� contours
are shown.
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FIG. 7. Prior and posterior distributions for the joint inference of the matter density of the Universe, ⌦m, and the dark energy
equation of state, w, from the JLA supernovae data set. The prior and exact posterior distribution (obtained from a long
MCMC run requiring ⇠ 6 ⇥ 106 data model evaluations) are shown in blue and orange, respectively. In the left panel, the
approximate rejection-sampling posterior, based on 5, 000 samples accepted out of ⇠ 450, 000 simulations, is shown in green.
In the right panel, the approximate bolfi posterior, based on 6, 000 simulations only, is shown in red. For all distributions, the
1�, 2� and 3� contours are shown.
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which is roughly aligned with the direction of the well-
known ⌦m � w degeneracy. We generated 106 samples
(out of ⇠ 6 ⇥ 106 data model evaluations) of the pos-
terior for the exact six-dimensional Bayesian problem
via MCMC (performed using the emcee code, Foreman-
Mackey et al ., 2013), ensuring su�cient convergence to
characterise the 3� contours of the distribution.1 The

1 The final Gelman-Rubin statistic (Gelman & Rubin, 1992) was
R� 1  5⇥ 10�4 for each of the six parameters.

prior and the exact posterior are shown in blue and or-
ange, respectively, in figure 7.
For likelihood-free inference, the simulator takes as in-

put ⌦m and w and simulates N realisations of the magni-
tudes mB of the 740 supernovae at their redshifts. Con-
sistently with the Gaussian likelihood used in the MCMC
analysis, we assume a Gaussian synthetic likelihood with
a fixed covariance matrix C. The observed data dO and
the covariance matrix C are shown in figure C.1.
The approximate posterior obtained from likelihood-

free rejection sampling is shown in green in figure 7. It
was obtained from 5, 000 accepted samples using a (con-
servative) threshold of " = 650 on �(⌦m,w), chosen so
that the acceptance ratio was not below 0.01. The entire
run required ⇠ 450, 000 simulations in total. The ap-
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Summary

• Gaussian process emulator gives very general, probabilistic interpolation

• Bayesian optimisation makes emulator more efficient & more accurate 

• Solves problem of how to compare data to costly simulations

21

5

0

FIG. C.3. bolfi at work after 20 acquisitions for the Supernovae cosmology problem. Top panels. Isocontours of the Gaussian
process model for the discrepancy �(⌦m,w). The mean (left) and variance (right) are shown in arbitrary units. The red dots
mark the location of the training parameters (⌦m, w). Bottom panels. Isocontours of the aquisition surfaces built from the
Gaussian process, using two di↵erent acquisition rules: the expected improvement (which is maximised, left), and the expected
integrated variance (which is minimised, right). Units are arbitrary. The location of the next acquisition (i.e. the optimiser) is
marked by the cross, and the contours of the exact posterior are plotted as dashed gray lines for reference. The initial training
set is composed of 20 samples, and the expected integrated variance has been used for the 20 acquisitions shown.

where c is the speed of light in vacuum and H0 ⌘
100h km s�1 Mpc�1.

3. Forward-modelling

The data model described in the previous section can
be simulated forward by the taking the following opera-

tions successively:

(⌦m, w) x P (⌦m, w|!,S), (C4)

(↵,�,MB, �M) x P (↵,�,MB, �M |M), (C5)

DL(zO) x P (DL(zO)|⌦m, w), (C6)

d x P (d|DL(zO),↵,�,MB, �M,mO). (C7)

The last two steps are deterministic: in equation (C6),
the luminosity distance at the observed redshifts is com-
puted via equation (C3), and in equation (C7), the pre-

dicted data d(⌦m,w) ⌘
⇣
mk

B,(⌦m,w)

⌘
come from equations


